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MODELING OF DISTRIBUTION OF SOUND WA\
CLOSED AREA BY FINITE DIFFERENCE M
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Abstract: The article contains a solution to the problem of wave propagation from two sources in the 0
located in a closed region asymmetrically about its boundary. The solution is produced by the explicit Euler me
dictor-corrector method. Various types of boundary conditions are considered, including taking intc
transfer medium to the walls of the closed region and in the form of an absolutely rigid wall, when only
nent is zero. Isopole potentials are given, as well as velocities and pressures at different points in time. Th
an analysis of the effect of the steps in time and coordinates on the results of the calculation.

Keywords: Distribution of waves, Euler’s method, wave process, finite difference method

1.INTRODUCTION

One of traditional methods of research of wave fields for two-
-dimensional and three-dimensional areas is the method of
final differences. As well as when using any other numerical
method, this approach includes sampling of the considered
settlement area and transition from initially continuous dif-
ferential task to system algebraic the equations with required
values in grid knots. Certainly, most by the simplest method
of the solution of the equations of fluctuation of the acoustic
environment, the method of Euler which allows to carry out
naturally the solution of a task is, relying on values of required
vectors on several temporary layers. In case of replacement of
derivatives in the final and different equations ,a difference
forward” Euler’s method demands on each step of calculations
of knowledge required a vector component on two previous
temporary layers. However, the use of the Euler method in its
pure form is associated with a number of computational diffi-
culties - one of which is the possible instability of the solution
associated with a gradual increase in the amplitudes of the
oscillating quantity, the other is a very strict requirement for
the step of integrating the potential equation over time. The
simplest representative of numerical methods who allows to
receive the numerical solution of a wave task with more co-
rrect accounting of attenuation is Euler’s method with recal-
culation (,prediktor-corrector”) [1], at which realization value
of required value of function on Euler’s method is originally
calculated, and then there is correction” of the received value
by its specification.

2. MAIN PROVISIONS

As is known, the acoustic field can be considered as.a set of
elastic waves [2,3]. The theory of acoustic waves is engaged
in linear and nonlinear acoustics. The wave process is called
linear if the properties of the medium are independent of the
wave intensity [4]. Linear waves do not affect the passage of

other waves, that is, the waves propagate independently of
each other without any distortion. The isopole given in the
article just illustrates the independence of two oscillatory pro-
cesses arising in the medium as a result of the action of two
pulsing in-phase wave sources. Circles propagating at the ini-
tial moment of time (before colliding with the walls of the area
under consideration, they diverge in exactly the same way
from both sources, without affecting each other; at different
points in the region at different points in time. A much more
complicated phenomenon is the propagation of nonlinear
waves; TV medium itself, and this, in turn, changes the prop-
erties of waves. In particular, the problem of nonlinear wave
propagation discussed in [4].

3. FORMULATION OF THE PROBLEM

3.1. Basic relations describing the propagation of linear
waves.

As is known [2, 3], in the case of wave propagation in lig-
uids and gases, only longitudinal waves are observed, shear
waves are absent. This is due to the fact that solids, in contrast
to gases and liquids, possess elasticity not only in volume but
also in shape. In the process of wave propagation in a liquid
or gas, a change in pressure and density of the medium oc-
curs at different points in time; we denote p =p, + p_-instan-
taneous pressure of individual points of the medium, where
P, is the pressure in the unperturbed medium, p, - pressure
from the development of the wave process. p=p, +p_, where
P, is the density of the unperturbed medium, p, is the den-
sity of the medium, taking into account the development
of the wave process. In the framework of linear acoustics,

pa << p0, pa<< p0 is assumed.
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The basic equations of the acoustic field [5] in the absence
of sources is the equation of motion of particles of a continu-
ous medium (Newton’s equation):

diff (V,t) +(1/p,) grad (p,) =0 (M
where:
v is the velocity vector of individual points of the me-
dium, is time;
diff (V, t) is the differentiation of the velocity vector over time;
P, is the density of the medium in the unperturbed
state;
P, is the change (perturbation) pressure associated with
the wave process.

The continuity equation expressing the law of conservation of
mass of a substance:

diff (p , t) + p div (V) =0 (2)

where:

P, is the density change associated with the development of
the wave process;

P, is the density of the medium in the unperturbed state, and

Vis the velocity vector.

The equation of state [5], expressing the relationship between
density and pressure:

p,=Klpo/p,) 3)

where:
Kis the module of bulk elasticity.

Omitting the intermediate calculations and assuming that
the oscillatory process in a liquid or gas is very small oscilla-
tions p_<< p, p,<< p,, then the velocity vector can be taken
proportional to the gradient of some scalar function ¢ (x, y,t)
depending on the spatial coordinates of areas and time [5]:

V=(1/p)grad (¢ (x, y,t) (4)
We present the wave equation for the potential, which de-
scribes the wave process in the case of considering an ideal

liquid or gas:

diff (diff (¢ (x, y, 1), t), t) + CA (o (x, y, ) =0 (5

where:

diff (diff (¢ (x, y, t), t),t)  is the second derivative of the po-
tential function ¢ (x, y, t) with re-
spect to time;

c is the wave velocity in the liquid or
gas.

Further, on the basis of the calculated potential, at each time
instant it is possible to calculate the components of the veloc-
ity vector Vand the values of pressure and density.

In this article, we consider a square region whose borders
are located along the corresponding coordinate axes. Fig.1
shows the appearance of the region and the location of two
sources of waves located symmetrically relative to the axis of
symmetry of the region along the Y axis, but asymmetrically
relative to the axis of symmetry of the region parallel to the

X axis. This arrangement of sources was not chosen randomly
and allows us to obtain a more interesting interference pa-
ttern, the wave from the central source reaches the borders of
the area later than the source located closer to the border. The
amplitudes of the oscillations of the sources are the same, the
phases of the oscillations coincide.

Boundary points

Y

Source area

hy

hx
Coordinate step

A

X

Fig. 1: Calculated area in the Cartesian coordinate system, desig-
nated areas of the location of the sources of oscillations

3.2. Boundary and initial conditions

If on the path of propagation of the wave process there are
some medium in homogeneities, or the boundary of the regi-
on under consideration, whose properties differ from those of
the medium in which the wave propagated initially, there are
a number of effects characteristic of wave motion: partial or
total reflection of the wave from the interface media, part of
the wave can pass into the second environment. The law of
reflection of waves, which for homogeneous media is expre-
ssed in equality of the angles of incidence and reflection of the
wave from the interface, is well known. For acoustic waves, it
is possible to observe the effect of wave splitting upon reflec-
tion, when a part of the wave beam is reflected at a different
angle [2,4].

The article discusses the simplest types of boundary ideal
conditions: the condition of the first type is equality to zero
of the velocity component perpendicular to the border of the
region in question, and the second, somewhat more strin-
gent condition, characterizes the equality to zero of both the
normal and tangential velocities at the points of contact with
the region boundary. The first boundary condition to a grea-
ter extent describes the behavior of the medium, which does
not “stick” to the walls-boundaries of the region. The second
condition already characterizes the formation of some ,near-
-wall” layer of the medium, where the motion of the medium
is completely inhibited due to the phenomenon of adhesion
to the walls of the region.

In the first case, when only the normal component of the velo-
City is zero, the boundary conditions have the form:

a) for boundaries parallel to the X axis:

diff (o (x, y, t), y) =0 (6)
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b) for boundaries parallel to the Y axis:
diff (¢ (x, y, t), x) =0 (7

In the second case, when not only normal, but also the tan-
gent component velocities at the frontier points are equal
to zero, the boundary conditions for all points of the region’s
boundaries are:

diff (¢ (x, y, t), y) = 0, diff (¢ (x, y, t), x) = 0 (8)

As initial conditions, we assume that the medium before the
wave process was in an unperturbed state, that is, both the po-
tential of the field ¢ (x, y) = 0 and diff (¢ (x, y), t) = 0. For a short
time point of ~ 0.27 sec, the sources affect the region fragment
under consideration, causing oscillations. Further, the process
of wave propagation occurs already without an obvious influ-
ence from the sources.

4. EULER METHOD AND ,PREDICTOR-
CORRECTOR” METHOD

The Euler method is the simplest representative of numerical
methods for solving the Cauchy problem [6]. In relation to the
problem under consideration, the main relations of the me-
thod will be as follows:

o li, i k#2] = 2 ¢ [, j k +1] - ¢ [i, j kI + ¢h,
(lofi + 2, j kI -2 oli+1, j kI + ofi, j ki) / h}
+(olij+1,kl-200i,j+1,kl+oli,jk])/h} ©)

Where:

ij indices characterizing the spatial location of the point;

The k index characterizing the time layer for direct methods,
the calculation on subsequent time layers obviously
depend only on the values on the previous time layers;

h, h, steps by spatial coordinate (Fig. 1);

h time step;

t
c wave velocity in a liquid or gas.

When applying this simple algorithm, it is necessary to mo-
nitor compliance with the Courant condition, which imposes
restrictions on the time integration step.

In addition to this simple algorithm, the use of the Euler
method with recalculation (the predictor-corrector method)
(1, 7, 8] is somewhat more complicated. When it is imple-
mented in the first step, the values are calculated by the Euler
method, and then the adjustment takes place. Finally, the se-
quence of formulas of the predictor-corrector method applied
to the problem in question will be:

o1li,j k+11=01[i,j kI +hali,j kI (10)
atlijk+1]=atlijkl+ch{loli+2,jkI-2¢[i+1,jkl+¢
lij kD) b2+ (o [i,j+1,kI-2 ¢ [i,j+ 1, k] + ¢ [i, j ki) /hj} (11)

olij k+11=0lijkl+(h/2){alij kI+al[lijk+1]} (12)
alijok+1]=alijkl+(ch/2){(o[i+2,j, kI-2¢[i+1,] k]

+olij ki) /hi+ (ol j+1,kI-29[i,j+1,kI+ o[ j ki) /h?}
+(Sh/2){(o1[i+2,), k+1]-201 [i+1,j k+1]+ o1 [, j, k+1]) /

h2+(o1[i,j+1,k+1]-201[i,j+1, k+1]+(p'lﬂ,j,k+1])/h”}
(13)

where:

the introduced value a (x, y, t) = diff (¢ (x, y, t), t) is introdu-
ced to reduce the original equation of the second order to
the system of equations of the first order and the subsequent
application to it of the standard procedure of the predictor-
-corrector method.

In a number of courses of numerical methods [1], it is pro-
ved that the Euler method is a first-order method of accuracy,
while the Euler method with recalculation (the predictor-co-
rrector method has the second order of accuracy).

5. RESULTS OF SOLVING A PLANE WAVE PRO-
PAGATION PROBLEM IN A LIMITED REGION

As a solution, we obtained the isopolis and graphics of the
potential of the acoustic field ¢ (x, y, t) at different times at
all points of the considered region. From the graphs obtained
it can be seen that the started oscillatory process reaches the
walls of the area under consideration, is reflected from them,
undergoes mutual amplification and a decrease at certain
points in the area under consideration. Further, on the basis
of the potential isopoles obtained, both the isopole compo-
nents of the velocity vector and pressure and density at all
points of the considered region at any time can be easily ob-
tained. The calculation formulas of the Euler method and the
Euler method with recalculation (the predictor-corrector me-
thod) given in the previous paragraph are not quite identical
in terms of the cost of computer resources. In particular, the
Euler method requires storing information about the desired
vector of potential only on three time layers: the current one
and the two preceding ones, while the predictor-corrector
method necessitates storing not only the potential ¢ (X, y, t)
and its initial approximation @7 (x, , t), but also a (x, y, t) and
al (x, y, t) values equal to the derivatives of the potential with
respect to time for each of the points considered areas, but
already on two three temporary layers, that is, the predictor-
-corrector method is more demanding of memory, but having
at the same time twice the accuracy of the solution. The accu-
racy of solving wave problems has the greatest value for ob-
taining solutions on time layers that are significantly removed
from the initial starting point in time, this is due to the gradual
accumulation of errors in the process of implementing the cal-
culations. However, an increase in the requirements imposed
on the volume of data stored at each step makes it possible to
increase the accuracy of the solution and increase the integra-
tion step over time.

In the calculations, the following numerical values of the
steps in the coordinates were used: h , h’= 0.1 m., The area size
was 200x200 points, the time step was taken h,=0.01 sec. The
wave propagation velocity is taken € =343 m/s.

In Fig. 2-Fig. 4 shows some characteristic isopolis and
graphics of solutions obtained using the Euler method, and
Fig. 5-Fig. 7 shows the decision isopoles obtained using the
predictor-corrector method under various types of boundary
conditions. From the obtained graphs of the solution, it can be
seen that in the case of boundary conditions of the first type,
that is, if only the component of the velocity vector normal to
the boundary is equal, the potential value on the boundary
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of the region under consideration is not zero, while under
boundary conditions of the second type there are already so-
mewhat different distribution of potential in the area under
consideration.

Fig. 2: Isopole and Graph of the potential function ¢ (x, y, t) with
t=0.015 sec.
(the wave has not yet reached the walls of the region, Euler me-

thod).
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Fig. 3: Isopole and Graph of the potential function ¢ (x, y, t) with
t=0.047 sec.

(the wave has not yet reached the walls of the region, Euler me-
thod, border conditions is (6) and (7))
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Fig. 4: Isopole and Graph of the potential function ¢ (x, y, t) with
t=0.047 sec.

(the wave has already reached the walls of the region; Euler me-
thod, border conditions is (8))
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Fig. 5: Isopole and Graph of the potential function o (x, y, t) with
t=0.015 sec.

(the wave has not yet reached the walls of the region, predictor-
-corrector method).

Fig. 6: Isopole and Graph of the potential function ¢ (x, y, t) with
t=0.047 sec.

(the wave has not yet reached the walls of the region, predictor-
-corrector method, border conditions is (6) and (7))

Fig. 7: Isopole and Graph of the potential function ¢ (x, y, t) with
t=0.047 sec.

(the wave has already reached the walls of the region; predictor-
-corrector method, border conditions is (8))

6. CONCLUSION

An algorithm for constructing a numerical solution of the pro-
blem of wave propagation in a gaseous medium in a bounded
region has been implemented.

The application of the step-by-step direct Euler iterative
method, as well as the method of the predictor-corrector type
for various types of boundary conditions, is considered. The
solutions obtained illustrate the formation of reflected waves
when the wave reaches the boundaries of the region.

The implementation of numerical algorithms was made in
the Python programming language; the isopoles of the poten-
tial of the wave field were obtained in the considered restric-
ted element of the region.

From the results of the calculation it follows that the use of
the predictor-corrector method and the Euler method allows
one to obtain similar results, but the use of the predictor-co-
rrector method leads to a greater decay of the solution over
time.
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